The residual amplitude modulation (RAM) is a spurious effect of the phase modulation in the laser beam power. In this work we show that the optical modulators that are used to generate the sidebands on the laser beam generate a RAM that should be regarded as a fundamental level of noise in the optical setup.
I. INTRODUCTION
The electro-optic modulators (EOM) are devices designed to modulate a laser beam. Depending on the configuration adopted by the EOM, they can be used to change the polarization state, to modulate the phase or the amplitude of the laser [1] . It is also possible to simultaneously modulate the amplitude and phase of the beam [2] .
The EOM have multiple applications, for example frequency modulation spectroscopy [3, 4] , modulation transfer spectroscopy [5, 6] , two tone frequency modulation spectroscopy [7, 8] , laser frequency stabilization and cavity length locking [9, 10] . Specifically, the EOM are used in the Laser Interferometer Gravitational-Wave Observatory (LIGO) where they play an important role. These observatories, which have recently achieved the first direct observation of gravitational waves emitted by black hole coalescence, are capable of detecting perturbations of the space time on the order of 10 −19 m. For these outstanding observations LIGO has recently received the 2017 Nobel Prize in Physics.
To achieve these sensitivity levels it is necessary to accurately control the length of the two Fabry-Perot cavities, (each cavity 4 Km in length) so that they are always in optical resonance. The length control system is done via a variation of the Pound-Drever-Hall technique to generate sidebands in the laser beams that go to the cavities. The sidebands are generated by EOM that produce a phase modulation in the laser beam [11] . To achieve phase modulation, the index of refraction of the crystal used in the EOM is modulated by periodic, slowly varying external electric field. This external field is perpendicular to the direction of the laser wave and both are aligned with the principal axis of the crystal.
However, besides the required phase modulation, the experimental setup of the EOM also produced an unwanted modulation in the amplitude of the transmitted wave. This residual amplitude modulation (RAM) can be regarded as noise added to the laser beam. Depending on the spurious change in intensity, there is evidence that this could affect the calibration of the Fabry-Perot cavities [12] . This is important for future observations of Advanced LIGO when searching for much weaker sources of gravitational radiation like coalescence of neutrons stars.
The RAM was attributed to deficiencies in the phase modulation process. According to several authors, there are many sources that could contribute to RAM:
1. Etalon effect caused by the multiple reflections on the crystal faces [13, 14] .
2. Misalignment between the incident beam and the principal axis of the crystal [14] .
3. Piezoelectric response of the crystal to the modulating frequency [15] .
4. Deformation of the crystal with the local temperature [15] .
5. Non uniformity of the modulating electric field [15] .
6. Photorefractive effect on the crystal [16] [17] [18] .
In order to avoid 1. y 2. the crystal of EOM is wedgeshaped so that the laser direction is no longer perpendicular to the opposite faces of crystal. The present LIGO configuration uses a Rubidium Titanyl Phosphate (RTP) wedge-shaped crystal for each EOM.
Experimental studies performed in [19] analysed the incidence of 3. y 4. for aLIGO laser power and showed that it is not relevant, given the current layout of aLIGO. In any case, since RAM is present even for low intensity lasers, where it is expected that 3. and 4. reduce their incidence, it is clear that these would be second order effects.
Although RAM has been reduced to low levels (ranging from 10 −5 to 10 −6 ) it has not been possible to eliminate it from the setup.
It is important to note that RAM is always present in all technological designs which include EOM. In fact experimental studies of RAM have been reported in a number of technological applications ( [14] , [20] [21] [22] [23] [24] ).
In this work we show that the same process that produces a phase modulation for the propagating electromagnetic wave in a time dependent index of refraction medium will also give a modulating amplitude for the transmitted wave.
The theoretical model proposed in this work comes directly from Maxwell's equations in a medium with time dependent index of refraction. Thus, it is not any of the proposed sources of RAM listed above. Directly from the field equations one shows that RAM is an inherent feature of the physics of the problem and it is thus unavoidable. The mathematical expression of the transmitted electric field obeys all the parametric dependence mentioned in [12] and should be regarded as a fundamental level of noise (FLN) of RAM. It is worth mentioning that the present values of RAM for LIGO are still two orders of magnitude above this predicted limit. Thus, there is still plenty of room for improvement until they reach the lower limit.
In Section 2 we provide a simple model to describe light propagation inside a birefringent crystal with an optical modulator. In Section 3 we impose matching conditions on the boundary of the electro-optical region and obtain the solutions for the reflected and transmitted wave. In Section 4 we show that the total flux of the Poynting vector is non-vanishing and its time average yields the RAM effect. In Section 5 we compute the RAM associated with the LIGO setup and obtain lower limits associated with the laser configuration. Finally, in section 6 we summarize our results and analyze the physical validity of the approximations used to obtain this fundamental limit of noise for the LIGO laser and other different applications of EOM lasers.
II. LASER PROPAGATION IN A BIREFRINGENT CONTINUOUS MEDIA
The propagation of electromagnetic waves inside the RTP crystal can be described via Maxwell's equations for a lossless and time varying media.
The equations read:
together with the constitutive relations:
and latin indices take values: 1 − 3. The above relations show that the medium is non magnetic, and that the permittivity is a time dependent tensor. The tensorial nature is needed to describe an anisotropic media as far as the optical properties are concerned. Moreover, since this media does not have a center for symmetry inversion, (non-centrosymmetric), we can safely assume that the electro-optical effect is lineal. We recall that the electro-optical effect is the change in the magnitude and direction of the indices of refraction in the crystal due to the presence of an external electric field. If the field has an periodical time dependence (usually with a single frequency) we will denote it as a modulating electric field. We thus write the dielectric permittivity as,
Remark: to observe an electro-optical effect the modulated electric field must vary slowly with time,i.e., its frequency must be much smaller than that of the laser beam propagating inside this media. Denoting by Ω the frequency of the modulating field, by ω 0 the frequency of the electromagnetic wave, we assume that,
The modulating field acts on the dipole moments of the crystal molecules and the slow variation of the external field enables the dipole moment to change with the same frequency Ω. At the same time the dipole fields are not affected by the electromagnetic wave since its period is much shorter than a typical response time of the molecules. We thus assume the crystal molecules do not interact with the laser.
Introducing the vector potential A in the Coulomb gauge
we write the electric and magnetic fields of the laser wave as
where we have set the scalar potential Φ = 0 since we are solving the source free Maxwell equations. Outside the crystal the scalar potential vanishes and since it satisfies an elliptic equation, by uniqueness, it vanishes everywhere. Thus, the Ampere-Maxwell equation is the only non-trivial equation to be solved. We choose our coordinate system to be aligned with the principal axes of the permittivity tensor, i.e., where the tensor is diagonal. Furthermore, we assume that the incident wave is polarized in the "z" direction (with respect to axis of crystal) and that it propagates in the "y" direction. Writing
Following the above conditions we obtain a wave equation for the potential vector.
We also assume that the permittivity tensor is homogeneous, i.e., ε zz (t) = ε z (t). In order to solve (7), we assume the solution can be written as:
Replacing in (7), we obtain two differential equations, one for the real part:
and the other for the imaginary part:
A. The WKB approximation
In order to solve for these variables we first analyze the real part of the equation. If we assume that A 0z (y, t) varies slowly with position and time compared with φ(y, t) we can set ∂φ ∂y
∂φ ∂t
In this way we obtain the eikonal equation for φ(y, t),
where the following relation was used,
B. The general solution and phase propagation
Eq. (12) can be solved by the characteristic method. We thus, rewrite this equation as
The general solution can be written as
with φ any function of the argument
Replacing this solution in the amplitude eq. (9) yields,
The solution can be obtained via the characteristic method giving
where v 0 is a constant with dimension of velocity and A(Z) is an arbitrary function. For ease of notation we have not distinguished between waves that propagate to increasing or decreasing values of y. This must be taken into account when solving for the propagation of the laser beam as light travels through different media. Note also that both φ and A depend on Z. Thus one can write the solution as
with A(Z) and φ(Z) real functions and where the phase represents a travelling wave with a time dependent velocity. It is also useful to rewrite the solution as
with F a complex function and k a constant with dimension of inverse of length (and can be taken as the wave-number). This last form of the solution is used to obtain the electric and magnetic fields in the different media.
III. THE MATCHING CONDITIONS
The solution presented above can be used to obtain the propagation of light through media with different indices of refraction. In particular, we are interested in describing an incoming laser in a media with constant index of refraction which then enters a region with a finite length and with a time dependent index n z (t). After going through that region the laser then goes back to a region with constant index. This situation is used as a model to describe the EOM (see figure  1) . To obtain the electromagnetic field in the three regions one imposes matching conditions at the incoming boundary y = L 1 , at the outgoing boundary y = L 2 , and then solve for the amplitudes of the fields.
We first write the electric field and magnetic field in the three different regions as,
where the index j take the following values j = 1, 2, 3 depending on the region of interest. In our case the index 1 identifies the incoming wave, 2 the region with a time dependent index of refraction and 3 the outgoing region. Consequently we write the corresponding vector potential as,
The matching condition at y = L 1 is given by
whereas the matching condition at y = L 2 is given by
At this point we restrict ourselves to the discussion of laser light propagating through an RTP crystal subjected to a sinusoidal voltage. For this case, the index of refraction of the RTP crystal is given by:
where n 0z is the index of refraction constant in the "z" direction of the crystal RTP and γ is a very small dimensionless parameter defined as follows:
where r 33 is the electro-optic coefficient of the crystal RTP, V 0 is the amplitude of modulating voltage which generates electric field in the "z" direction of the crystal and d is the distance between the electrodes.
A. The static situation
Before giving the solution for our model of EOM the electro-optic effect it is worth noting that the solution obtained is very similar to the static situation, v = const. Thus, it is worth writing the solution for this familiar case since it can then be used to compare to the more general situation.
In this case the three media have constant indices of refraction n 1 = n 0z , n 2 = n 0z (1 − γ 2 ) , n 3 = n 0z , with interfaces at y = L 1 and y = L 2 , and Ω = 0. In this case we have the known result:
where A j± are constants that are fixed from the matching conditions. The wavenumber is given by k j = nj ω0
c , and j = 1, 2, 3 labels the three indices of refraction.
After solving the matching conditions one obtains,
B. The non-static case
Solving the matching condition for the non-static case yields the following results:
As one can check, the solutions A j (y, t), satisfy the matching conditions and converge to the static case when the limit Ω → 0 is taken.
C. An alternative method: following the wave
In this section we reobtain the solution presented in III B corresponding to the three media with indices of refraction: n 1 = n 0z , n 2 (t) = n 0z 1 − γ 2 cos(Ωt) y n 3 = n 0z using a different ansatz. This method is based on ray tracing and considers the successive transmissions and reflections of the original incoming wave as it goes through the two interfaces between the three media.
As we have seen in the previous section, the WKB approximation can be used to obtain an explicit form of the vector potential A z (y, t) = A 0z (Z) e iφ(Z) , with Z given in eq. (15) . Assuming the phase φ(Z) to be an increasing function of Z, we define
as the generalized wavenumber and frequency respectively. Inserting the definitions (42) and (43) in (12) yields
In the above equation ± means a wave propagating to increasing or decreasing values of y. In principle, imposing the matching conditions for E y B at y = L 1 y y = L 2 yields an infinite set of waves going back and forth which contribute to the final form of the fields in the three regions. However, as one follows the original incoming ray and assumes γ ≪ 1, it is clear that the second and third reflection inside the media n 2 (t) will be proportional to the second and third power of γ respectively. We thus assume that only the rays that contribute to linear order in γ are relevant for the calculation (see figure 1) . These propagating fields are: A i the incident vector potential in media n 1 , A r the reflected potential at L 1 propagating in media n 1 , A t the transmitted vector potential to the media n 2 , A tr the reflected potential at L 2 propagating in media n 2 , A trt the transmitted wave to the media n 1 after it was reflected at L 2 . Finally, A tt is the transmitted potential propagating in n 3 . Note that the reflected wave in n 1 is formed by the addition of two rays that are linear in γ: A r and A trt .
In the static case we assume the angular frequency is the same for all the waves propagating in the three media. However, in the quasi static case, the angular frequencies differ from ω 0 . After the calculation is done we must check that in the static limit, (Ω → 0), all the angular frequencies converge to ω 0 .
As an example we consider the different fields that are travelling back in media n 1 . A r has a constant angular frequency since it does not enter the time dependent region, whereas A trt has an angular frequency ω trt (y, t), since it contains information of the transit time in the modulated media.
Motivated by the above example we introduce the following ansatz: "the transmitted and reflected waves at a given interface, that are generated by the same incident wave, posses the same angular frequency as the latter". The condition imposed on the angular frequencies at a given interface yields a matching condition for the phase of the incoming and outgoing fields. It follows from (43), that these conditions fix the phase φ up to a constant.
When E i reaches y = L 1 a transmitted E t and reflected E r fields are produced. The matching conditions for the angular frequencies are:
together with the conditions for the amplitude of the fields:
The above equations are sufficient to determine A r y A t from A i .
A similar set of equations are obtained for E t , the transmitted E tt and reflected E tr fields at y = L 2 . The matching conditions for the angular frequencies at this interface are:
with the corresponding conditions for the fields:
Taking A t as the incident data, the above equations yield A tt and A tr .
Finally, when the wave E tr reaches y = L 1 a transmitted field E trt that goes back to the initial media n 1 is produced. The reflected wave is order γ 2 and thus, it is discarded. The resulting matching condition for the angular frequency is given by:
whereas the matching condition for the field is:
and the last vector potential A trt is obtained. The final set of vector potentials that satisfy the angular frequency and amplitude matching conditions is given by
At(y, t) = A0 1 + γ 4 cos(Ωt)
Att(y, t) = A0 exp i ω0y v0
Note that (53)-(58) converge to the static solutions (34)-(36) when the limit Ω → 0 is taken. Likewise, A i +A r +A trt coincides exactly with A 1 in (37) and (38), as expected. Similarly, A t + A tr coincides with A 2 in (39) and (40). Finally, A tt is equal to A 3 given in (41).
IV. RAM AND CONSERVATION OF ENERGY
In this section we give a physical interpretation for the RAM based on the conservation of energy. This is translated into a more general version of the Poynting theorem when the electrical permittivity of the media is time dependent. It follows from the Faraday and Ampere-Maxwell laws (1) and (2) that we can write down the electromagnetic energy flux associated with a volume V and its boundary ∂V as:
where
is the Poynting vector, and with V the EOM volume. Using the relations (5) and (6) a straightforward calculation gives,
is the (generalized) energy density of the electromagnetic field.
Taking the time average of (60) in the adiabatic approximation on a given period of the incoming electromagnetic wave,
where the symbol labels the time average. The first term on the r.h.s. of (62) represents the average power of the electromagnetic field, and the second term on the r.h.s. of (62) depends on the rate of variation of the electrical permittivity and is defined as:
At this point we can address several issues:
• Note that when ε ij does not depend on time we recover the usual expression for the conservation of energy.
• It would appear that this first term on the r.h.s. gives a bigger contribution to the Poynting flux than the second term. However, each term gives an identical contribution to the equation. This follows from the fact that the magnetic contribution and the static part of the electric contribution to the energy density yield a vanishing flux. Thus, only the time dependent part of the energy density matters and gives a similar contribution to the second term of the equation.
• If we compute the flux of the Poynting vector for our model we obtain
where l x y l z are the crystal dimensions perpendicular to the electromagnetic wave.
The above expression is not zero as one might have guessed. Moreover, it gives (see next section) the change on the intensity of the laser, i.e., the RAM.
V. COMPUTING THE RAM
In this section we compute the RAM that arises from the EOM. The RAM is a periodic modulation of the wave intensity with frequency Ω and can be defined as,
where AC is the alternating component and DC the continuous component of the signal emerging from the EOM. DC is the first coefficient in the Fourier expansion,
where I out represents the intensity emerging from the crystal. The alternating component AC is the magnitude of the demodulation components I y Q de I out , given by,
The outgoing intensity is given by
where S out is the magnitude of the transmitted Poynting vector, given by:
In this last expression E out and B out represent the electric and magnetic fields emerging from the modulator region.
The integration on (70) is done over a period of the electromagnetic wave. Thus, the variations associated with the modulating frequency are negligible.
The fields E out y B out are obtained from the real part of the vector potential (41). Using (20) we obtain. 
Replacing (73) and (74) in (72), and defining the depth of the phase modulation (modulation depth) m as:
it is possible to rewrite the electric field emerging from the modulator as:
with E 0 = A 0 ω 0 . Similarly, using (21) the transmitted magnetic field is written as:
Using (76) and (77) in (71) and (70) we obtain the transmitted intensity:
Replacing the above formula in (66), (68),(69), and (67), we obtain the DC and AC components of the signal. Finally, from (65) we obtain the RAM level: In table I, the fourth column gives η = RAM m , the ratio between the RAM and the modulation depth m. Using (79) gives η = 2Ω ω0 .
VI. CONCLUSIONS
In this work we have established a lower limit for the RAM effect when using electro-optic modulators.
This limit was obtained using an approximation to the Maxwell's equations and a particular model for the anisotropic media. The crystal is assumed to have an homogeneous, though time dependent dielectric permittivity tensor ε ij (t). Furthermore, we assume this tensor is a periodic, slowly varying function of time with its angular frequency Ω much smaller than the corresponding frequency ω 0 of the laser wave propagating in the crystal (
. In this situation we can apply the so called WKB approximation and derive effective equations of motion for the propagating wave.
In this work EOM are modeled by electromagnetic wave propagating in a series of three different media, respectively crystal/crystal with external field/crystal (see figure 1) .
Although we have used simplifying initial conditions, such as an alignment of the laser polarization with one of the principal axis of the dielectric permittivity tensor, the result is nevertheless reliable since it is always possible to align the polarization vector with one principal axis of the crystal and thus test the result with an experiment. The plane wave front assumption simplifies the analysis but does not change the general result since the WKB equations are linear in the electric and magnetic fields and we are simply taking a Fourier decomposition. We have not consider border effects on the crystal interface but they are second order compared with the results presented in this work since, as we have shown on Section 4, it is analogous to the static situation for the reflected and transmitted fields.
Based on the above considerations, we claim the results presented in this work set a FLN inherent to the modulation of the laser beam. In other words, it is impossible to obtain a pure phase modulation without an associated RAM effect. The order of magnitude of RAM obtained ranges from 10 −7 to 10 −8 , depending on the modulation frequency Ω, carrier laser frequency ω 0 and the phase modulation depth m, as it is shown in table I.
Since one of the main goals of this work is to understand the RAM effect on the laser beam of Advanced LIGO it is instructive to compare our results to the experimental values of RAM in LIGO, which range from 10 −5 to 10 −6 . Although this work shows it is impossible to eliminate the RAM effect in the beam intensity, a meticulous search of other noise sources (also depending on the frequency of the optical modulators) may help to reduce the present level of noise.
It is worth mentioning that RAM level predicted in this work is also fundamental from more general point of view. As we said wedge-shaped crystal avoids etalon effect so outgoing laser beam goes through EOM just once. As a consequence of this shape of the crystal, it is clear to see that in all experimental EOM layouts, each single EOM can be modeled as we did in section 3. For these reasons FLN of RAM obtained in this work will be present in all experimental configurations of EOM. As an example, Advance LIGO EOM layout is a wedge-shaped RTP crystal over which three couples of electrodes are consecutively placed. Each pair of electrodes is fed with AC voltage needed to generate three modulating fields of different frequencies. Therefore, the emerging laser beam of this series of modulators undergoes three phase modulation processes, in three different frequencies. The value of each frequency is chosen to control the length of three different cavities. Our result for this case implies that, regardless of the particular position inside the series, each modulator generates a FLN of RAM in laser, at different frequency, which can be calculated using (79).
It is also important to note that these results also show that RAM is an inherent feature on the frequency-modulation spectroscopy technique since it cannot be eliminated on the incident beam.
Finally, in [22] , an active control system is implemented in a resonant cavity of stabilized frequency based on the PoundDrever-Hall technique. Using this technique, RAM was reduced to a minimum value of 2 × 10 −7 . It is interesting to use our expression (79) for Ω, ω 0 and m of [22] to compare with the experimental RAM given above. The theoretical value given by eq. (79) is 8.7 × 10 −8 , much smaller than the experimental value. We conjecture that the reason for this difference is that the feedback of the control system uses another EOM which plays the role of actuator, which in turn generates FLN of RAM. Since the explicit value of the modulation depth for this EOM is not given in [22] , it is not possible to compute the contribution of the actuator to the FLN of RAM for this configuration.
